We prove that any group in the class of one-relator groups given by the presentation a,b;[a m ,b n ] = 1 , where m and n are integers greater than 1, is cyclic subgroup separable (or π c ). We establish some suitable properties of these groups which enable us to prove that every finitely generated abelian subgroup of any of such groups is finitely separable.
Introduction
Following Malcev [5] , we will call a subgroup M of a group G finitely separable if for any element g ∈ G, not belonging to M, there exists a homomorphism ϕ of group G onto some finite group X such that gϕ / ∈ Mϕ. This is equivalent to the statement that for any element g ∈ G \ M, there exists a normal subgroup N of finite index in G such that g / ∈ MN. A group G is subgroup separable if each of its finitely generated subgroups is finitely separable. If every cyclic (or finitely generated abelian) subgroup of a group G is finitely separable, then group G is said to be cyclic (resp., abelian) subgroup separable. Cyclic subgroup separable groups are also called π c groups.
Evidently, every π c group is residually finite (i.e., any of its one-element subsets is finitely separable). However, the converse is not true. So, cyclic subgroup separability strengthens residual finiteness. But subgroup separability is stronger; in fact, if G is a finitely presented subgroup separable group, then G has a solvable generalized word problem (just as if G is a finitely presented residually finite group, then G has a solvable word problem). So subgroup separability is so strong that very few classes of groups satisfy it. But cyclic subgroup separability is possessed by much larger classes of groups.
Hall in [1] showed that free groups are π c . In [5] , Malcev proved that finitely generated torsion-free nilpotent groups are π c . Free products of π c groups are π c ; further, it was established that finite extensions of π c groups are π c [6, 7] . Cyclic subgroup separability of certain generalized free products of π c groups amalgamating a cyclic subgroup was proved in [10, 8] . Some one-relator groups happen to be π c [10, 11] .
In this paper, we enlarge the classes of one-relator π c groups. We will prove the following theorem.
We note that the assertion of the corollary is also valid when m = 1 or n = 1. Indeed, we can use the results in [10] or [11] to see it.
Our interest in the class of groups G mn is that these groups are "very well behaved." Their residual finiteness is well known; it follows, for example, from the results of [2] . Thus, groups G mn are Hopfian (i.e., each of their surjective endomorphisms is an automorphism) since they are finitely generated and residually finite [4] . Some properties of these groups were considered in [9] where, in particular, the description of their endomorphisms was given.
The proofs in [2, 9] made use of the presentation of group G mn as amalgamated free product. The same presentation will be the crucial tool in the proof of the results stated above.
Preliminaries on amalgamated free products
We recall some notions and properties concerned with the construction of free product P = (X * Y ;U) of groups X and Y amalgamating subgroup U.
Every element g ∈ P can be written in the following form:
where for any i = 1,2,...,r, element x i belongs to one of the free factors X or Y and if r > 1, any consecutive x i and x i+1 do not belong to the same factor X or Y (nor the amalgamated subgroup U). Any such form of element g is called reduced. In general, an element of group P = (X * Y ;U) can have more than one reduced form. Further if g = y 1 y 2 ··· y s is one more reduced form of g, then r = s and, for any i = 1,2,...,r, x i and y i belong to the same factor X or Y ; more precisely, there exist elements u 0 ,u 1 ,...,u r of U such that (II)
Thus, any two reduced forms of an element g of a group P = (X * Y ;U) have the same number of components, which we will call the length of element g and denote by l(g).
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Remark 2.1. The length of an element introduced here is different from that in [3] . Here, elements of length 1 are elements of the free factors, whereas elements of the amalgamated subgroup have length 0 according to [3] .
An element g is called cyclically reduced if either l(g) = 1 or l(g) > 1 and the first and the last components of its reduced form do not belong to the same factor X or Y .
In the group P, any element g which is not cyclically reduced can be written as (III) (1) Elements f and g belong to the same free factor X or Y and the equality f = g k is satisfied in that free factor, for some integer k = 0.
(2) Elements f and g belong to different subgroups X and Y and the equality f = g k is satisfied in the amalgamated subgroup U, for some integer
; in this case, if f = g k for some positive integer k = 0, then r = ks and there exist elements u 0 ,u 1 ,...,u ks of subgroup U such that (P)
ks, where
y j = y j+ls for j = 1,2,...,s, 0 ≤ l ≤ k − 1, u 0 = u ks = 1. (2.4)
If integer k is negative, then similar equations hold when replacing elements y −1
ks by y 1 , y
by y 2 , and so on.
Proof. Let f = x 1 x 2 ···x r be reduced and let g = y 1 y 2 ··· y s be cyclically reduced. If
Consequently, we have the following possibilities.
Subcase i. Elements f and g can belong to the same free factor X or Y , and hence the equality f = g k takes place in this factor. This corresponds to case (2) in the proposition. Subcase ii. Let elements f and g belong to different factors. For example, let f ∈ X and
The equality f = g k now holds in the amalgamated subgroup U of the group P. Hence, (2) in the formulation of the proposition is satisfied.
Since g is cyclically reduced, g k is cyclically reduced and l(g k ) = ks. So, the equality f = g k implies that r = ks and 
Thus, ks−1 by y 2 , and so on, we obtain equations similar to (2.4). Hence, the proposition is proven.
Structure and some subgroups and quotients of groups G mn
We now establish some preliminary properties of groups of kind
where m > 1 and n > 1. We begin by describing the construction of such groups as amalgamated free products. Let
be the free abelian group of a rank 2. We denote by x the infinite cycle, generated by element x. We denote by A the free product of groups a and H, amalgamating subgroups a m and c , through the isomorphism carrying element a m into element c. Thus, group A has the presentation
Similarly, we define the group
which is the free product of groups b and H, amalgamating subgroups b n and d . By using Tietze transformations, one proves that the free product of groups A and B, amalgamating subgroup H, coincides with group G mn . Thus,
where
These notations are fixed everywhere below. So the length of an element should be considered in the decomposition of the indicated group as free product with amalgamated subgroups.
From the decomposition of groups A, B and G mn as free product with amalgamated subgroup and from the properties of this construction, it follows that these groups are torsion-free. Further, [3, Corollary 4.5] permits to prove, that the center of group A coincides with subgroup c , the center of group B is subgroup d , and the center of group G mn is trivial.
Since the amalgamated subgroups in the decomposition of groups A and B are central in the free factors, it can be checked immediately that the following proposition holds. Our next goal is to build some subgroups and quotients of group G mn and examine some of their properties.
Let t be an integer greater than 1. We denote by H t the subgroup of H, consisting of elements h t , where h ∈ H. It is easy to see that the factor group H/H t , denoted by H(t), is the direct product of two cyclic subgroups of order t, generated by elements cH t and dH t , respectively. Since the order of a m in the group a;a mt = 1 is also equal to t, we can construct the free product 
ρ t does not belong to the double coset H(t)(gρ t )H(t).
Proof. We again consider only the case when elements f and g belong to subgroup A. So, suppose that f ∈ A and does not belong to the double coset HgH. In view of Proposition 3.2, it is enough to prove that there exists a homomorphism ϕ of A onto a finite group X such that element f ϕ of X does not belong to the double coset (Hϕ)(gϕ)(Hϕ).
To this end, let A = A/C be the quotient group of group A by its (central) subgroup C = c . The image xC of an element x ∈ A in A will be denoted by x.
It is obvious that A is the (ordinary) free product of the cyclic group X of order m generated by a, and the infinite cycle Y generated by d. The canonical homomorphism of A onto A maps subgroup H onto subgroup Y , and consequently the image of the double coset HgH is the double coset Y gY. Since C H, element f does not belong to this coset Y gY.
We can assume, without loss of generality, that any of the elements f and g, if it is different from the identity, has a reduced form, where the first and the last syllables do not belong to subgroup Y . Every Y -syllable of these reduced forms can be written as d k ,
for some integer k = 0. Since the set M of all such exponents k is finite, we can choose an integer t > 0 such that for any k ∈ M, the inequality t > 2|k| holds. We denote by So we quickly establish Theorem 1.2 to end with properties of group G mn .
Proof of Theorem 1.2
We prove the following Lemma. the left-hand side has length r + s, while the right-hand side has length r + s − 1; this is again impossible. So, element v is cyclically reduced, and consequently any nonidentity element from U is cyclically reduced and has length greater than 1.
Let u be now a nonidentity element of minimum length from subgroup U and let u = u 1 u 2 ··· u r be reduced. We claim that subgroup U is generated by u. Namely, for any nonidentity element v ∈ U, we will prove by induction on l(v) that v is equal to some power of u. 
